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CMC HYPERSURFACES ON RIEMANNIAN AND SEMI-RIEMANNIAN
MANIFOLDS
OSCAR M. PERDOMO
Abstrat. In this paper we generalize the expliit formulas for m immersion given in [14℄ and [15℄
of hypersurfaes of Eulidean spaes, spheres and hyperboli spaes to provide expliit examples of
several families of immersions with onstant mean urvature and non onstant prinipal urvatures,
in semi-riemannian manifolds with onstant setional urvature. In partiular, we prove that every
h ∈ [−1,− 2
√
n−1
n
) an be realized as the onstant urvature of a omplete immersion of Sn−11 ×R
in the (n+1)-dimensional de Sitter spae Sn+11 . We provide 3 types of immersions with m in the
Minkowski spae, 5 types of immersion with m in the de Sitter spae and 5 types of immersion
with m in the anti de Sitter spae. At the end of the paper we analyze the families of examples
that an be extended to losed hypersurfaes.
1. Introdution and preliminaries
For any non negative integer k ≤ n+ 2, we will denote by Rn+2k the spae Rn+2 endowed with the
metri
〈v,w〉 = −v1w1 − · · · − vkwk + vk+1wk+1 + · · ·+ vn+2wn+2
We also dene
S
n+1
k = {x ∈ Rn+2k : 〈x, x〉 = 1}
and when k ≥ 1,
H
n+1
k−1 = {x ∈ Rn+2k : 〈x, x〉 = −1}
with the metri indued by R
n+1
k . Notie that H
n
0 , S
n
0 and R
n
0 are the n-dimensional hyperboli
spae, sphere and the Eulidean spae respetively.
In this paper we will modify the expliit formulas for m hypersurfaes of the Eulidean spae,
spheres and hyperboli spaes given in [14℄ and [15℄ to provide expliit formulas for m hypersurfaes
in R
n+1
k , H
n+1
k and S
n+1
k . Several of these examples are well known. The referenes at the end
provide part of the history and ontext of the given examples. Sine several of the examples in semi
riemannian manifold are given by the same ODE as in the riemannian ase, for these examples, the
nie geometri interpretations given by Sterling in [18℄ hold also true. The author has been informed
that Professor Bingye Wu has lassied all (spae like) hypersurfaes in (Lorentzian) spae forms
with onstant generalized m-th urvature and two distint prinipal urvatures.
Date: November 9, 2018.
2000 Mathematis Subjet Classiation. 58E12, 58E20, 53C42, 53C43.
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2. CMC hypersurfaes
Let us start with three basi observations that will be used in all the examples.
Lemma 2.1. Let g : (a, b)→ R be a smooth positive funtion, h any real number, c a non zero real
number and n an integer greater than 1. If
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√|c|
then,
(n− 1)λ+ µ = nh and (r λ)′ = µr′
Proof. First notie that λ− µ = ng−n. Then
λ′ = −ng−n g
′
g
= −(λ− µ)r
′
r
The equation above implies the lemma 
Lemma 2.2. Let q : [a,∞) → R be a smooth funtion suh that q(a) = 0, limt→∞ q(t)t2 = ǫ > 0,
q′(a) > 0 and q(t) > 0 for all t > a. If
F : [a,∞)→ R is given by F (t) =
∫ t
a
1√
q(τ)
dτ
then, F (t) is a well-dened, stritly inreasing funtion and limt→∞ F (t) = ∞. Moreover, if G :
[0,∞) → [a,∞) is the inverse funtion of F , then, g : (−∞,∞)→ [a,∞) given by
g(t) = G(t) if t ≥ 0 and g(t) = G(−t) if t < 0
is a solution of the ordinary dierential equation (g′(t))2 = q(g(t)).
Proof. In order to prove that the limit when t → ∞ of F (t) is innity it is enough to ompare
F (t) with log(t) =
∫ t
1
1√
τ2
dτ for big positive values of t. A diret veriation proves the rest of the
lemma. 
Lemma 2.3. Let q : [a, b]→ R be a smooth funtion suh that q(a) = 0 = q(b), q′(a) > 0, q′(b) < 0
and q(t) > 0 for all a < t < b. If
F : [a, b]→ R is given by F (t) =
∫ t
a
1√
q(τ)
dτ
then, F (t) is a well-dened stritly inreasing funtion and limt→b F (t) =
T
2 < ∞. Moreover, if
G : [0, T2 ] → [a, b] is the inverse funtion of F , then, the T -periodi funtion g : (−∞,∞) → [a, b]
that satises
g(t) = G(t) if 0 ≤ t ≤ T
2
and g(t) = G(−t) if − T
2
≤ t ≤ 0
is a solution of the ordinary dierential equation (g′(t))2 = q(g(t)).
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2.1. CMC hypersurfaes in S
n+1
k . Let us start this setion by onsidering the following dier-
ential equations
(g′(t))2 = q1(g(t)) where q1(t) = c− t2 + t2(h+ t−n)2(2.1)
and
(g′(t))2 = p1(g(t)) where p1(t) = c− t2 − t2(h+ t−n)2(2.2)
where c is a onstant.
Theorem 2.4. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant solution of
(2.1) suh that g(t) >
√
c. For any pair of integers k and n suh that n ≥ 2 and 1 ≤ k ≤ n, if we
dene
λ = h+ g−n, µ = h− (n− 1)g−n r = g√
c
and θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 − 1dτ
and
S˜
n−1
k−1 = S
n+1
k ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+2k : xk = xk+1 = 0}
B2(t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) and B3(t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0)
then, the map φ : S˜
n−1
k−1 × (a1, a2)→ Sn+1k given by
φ(y, u) = r(u) y +
√
r2(u)− 1B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. A diret omputation shows the following identities,
(r′)2 − r2λ2 = 1− r2, and λr′ + rλ′ = µr′
Notie that
〈y, y〉 = 1, 〈B2, B2〉 = −1, 〈B3, B3〉 = 1, 〈B2, B3〉 = 0, B′2 =
rλ
r2 − 1B3
A diret veriation shows that 〈φ, φ〉 = 1 and that
∂φ
∂u
= r′ y +
rr′√
r2 − 1 B2 +
rλ√
r2 − 1 B3
satises 〈∂φ
∂u
, ∂φ
∂u
〉 = 1. We have that the tangent spae of the immersion at φ(y, t) is given by
Tφ(y,u) = {v + s
∂φ
∂u
: v ∈ R˜nk−1, 〈v, y〉 = 0 and s ∈ R}
A diret veriation shows that the map
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ν = −rλ y − r
2 λ√
r2 − 1 B2 −
r′√
r2 − 1 B3
satises that 〈ν, ν〉 = −1, 〈ν, ∂φ
∂u
〉 = 0 and, for any v ∈ R˜nk−1 with 〈v, y〉 = 0, we have that 〈ν, v〉 = 0.
It then follows that ν is a Gauss map of the immersion φ. The fat that the immersion φ has
onstant mean urvature h follows beause, for any unit vetor v in R˜
n
k−1 perpendiular to y, we
have that
β(t) = r cosh(t) y+r sinh(t) v+
√
r2 − 1B2 = φ(cosh(t)y+sinh(t)v, u) in the ase that 〈v, v〉 = −1
and
β(t) = r cos(t) y + r sin(t) v +
√
r2 − 1B2 = φ(cos(t)y + sin(t)v, u) in the ase that 〈v, v〉 = 1
satises that β(0) = φ(y, u), β′(0) = rv and
dν(β(t))
dt
∣∣
t=0
= dν(rv) = −rλ v
Therefore, λ is a prinipal urvature with multipliity n − 1. Now, sine 〈∂ν
∂u
, v〉 = 0 for every
v ∈ Tφ(y,u) ∩ R˜nk−1, we have that ∂φ∂u denes a prinipal diretion, i.e. we must have that ∂ν∂u is a
multiple of
∂φ
∂u
. A diret veriation using the lemma (2.1) shows that,
〈∂ν
∂u
, y〉 = −λ′ r − λr′ = −µ r′ = −(nh− (n− 1)λ)r′
We also have that 〈∂φ
∂u
, y〉 = r′, therefore, sine r is not onstant, we obtain that
∂ν
∂u
= dν(
∂φ
∂u
) = −µ ∂φ
∂u
= −(nh− (n− 1)λ)∂φ
∂u
It follows that the other prinipal urvature is nh − (n − 1)λ. Therefore, φ denes an immersion
with onstant mean urvature h, this proves the theorem.

Theorem 2.5. With the same notation as in the previous theorem, if r0 > 1 is any onstant, then
the map φ : S˜
n−1
k−1 ×R→ Sn+1k given by
φ(y, t) = r0 y +
√
r20 − 1B2(t)
denes a omplete hypersurfae with onstant mean urvature
r0
n
√
r20 − 1
+
(n− 1)
√
r20 − 1
n r0
In the ase k = 1, these examples are known as hyperboli ylinder in the de Sitter spae Sn+11 and
they provide spae like omplete hypersurfaes with onstant mean urvature values in [2
√
n−1
n
,∞)
when n > 2 and (1,∞) when n = 2.
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Theorem 2.6. Let c be a negative onstant and let g : (a1, a2) → R be a positive non onstant
solution of (2.1). For any pair of integers k and n suh that n ≥ 2 and 1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√−c θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 + 1
dτ
and
H˜
n−1
k−1 = H
n+1
k−1 ∩ R˜
n
k where R˜
n
k = {x ∈ Rn+2k : xn+1 = xn+2 = 0}
B2(t) = (0, . . . , 0, cos(t), sin(t)) and B3(t) = (0, . . . , 0,− sin(t), cos(t))
then, the map φ : H˜
n−1
k−1 × (a1, a2)→ Sn+1k given by
φ(y, u) = r(u) y +
√
r2(u) + 1B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. A diret omputation shows the following identities,
(r′)2 − r2λ2 = −1− r2, and λr′ + rλ′ = µr′
Notie that
〈y, y〉 = −1, 〈B2, B2〉 = 1, 〈B3, B3〉 = 1, 〈B2, B3〉 = 0, B′2 =
rλ
r2 + 1
B3
A diret veriation shows that 〈φ, φ〉 = 1 and that
∂φ
∂u
= r′ y +
rr′√
r2 + 1
B2 +
rλ√
r2 + 1
B3
satises 〈∂φ
∂u
, ∂φ
∂u
〉 = 1. We have that the tangent spae of the immersion at φ(y, t) is given by
Tφ(y,u) = {v + s
∂φ
∂u
: v ∈ R˜nk , 〈v, y〉 = 0 and s ∈ R}
A diret veriation shows that the map
ν = −rλ y − r
2 λ√
r2 + 1
B2 − r
′
√
r2 + 1
B3
satises that 〈ν, ν〉 = −1, 〈ν, ∂φ
∂u
〉 = 0 and, for any v ∈ R˜nk−1 with 〈v, y〉 = 0, we have that 〈ν, v〉 = 0.
It then follows that ν is a Gauss map of the immersion φ. The fat that the immersion φ has
onstant mean urvature h follows beause, for any unit vetor v in R˜
n
k−1 perpendiular to y, we
have that
β(t) = r cosh(t) y+r sinh(t) v+
√
r2 + 1B2 = φ(cosh(t)y+sinh(t)v, u) in the ase that 〈v, v〉 = 1
and
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β(t) = r cos(t) y + r sin(t) v +
√
r2 + 1B2 = φ(cos(t)y + sin(t)v, u) in the ase that 〈v, v〉 = −1
satises that β(0) = φ(y, u), β′(0) = rv and
dν(β(t))
dt
∣∣
t=0
= dν(rv) = −rλ v
Therefore, λ is a prinipal urvature with multipliity n − 1. Now, sine 〈∂ν
∂u
, v〉 = 0 for every
v ∈ Tφ(y,u) ∩ R˜nk−1, we have that ∂φ∂u denes a prinipal diretion, i.e. we must have that ∂ν∂u is a
multiple of
∂φ
∂u
. A diret veriation using the lemma (2.1) shows that,
〈∂ν
∂u
, y〉 = −λ′ r − λr′ = −µ r′ = −(nh− (n− 1)λ)r′
We also have that 〈∂φ
∂u
, y〉 = r′, therefore, sine r is not onstant, we obtain that
∂ν
∂u
= dν(
∂φ
∂u
) = −µ ∂φ
∂u
= −(nh− (n− 1)λ)∂φ
∂u
It follows that the other prinipal urvature is nh − (n − 1)λ. Therefore φ denes an immersion
with onstant mean urvature h, this proves the theorem.

Theorem 2.7. With the same notation as in the previous theorem, if r0 is any onstant, then, the
map φ : H˜
n−1
k−1 ×R→ Sn+1k given by
φ(y, t) = r0 y +
√
r20 + 1B2(t)
denes a omplete hypersurfae with onstant mean urvature
r0
n
√
r20 + 1
+
(n− 1)
√
r20 + 1
n r0
These examples provide omplete spae like hypersurfaes with onstant mean urvature values in
(1,∞).
Theorem 2.8. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.1) suh that g(t) <
√
c. For any pair of integers k and n suh that n ≥ 2 and
1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√
c
θ(t) =
∫ t
0
r(τ)λ(τ)
1− r(τ)2dτ
and
S˜
n−1
k−1 = S
n+1
k ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+2k : xk = xk+1 = 0}
B2(t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0) and B3(t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0)
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then, the map φ : S˜
n−1
k−1 × (a1, a2)→ Sn+1k given by
φ(y, u) = r(u) y +
√
1− r2(u)B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. A diret omputation shows the following identities,
(r′)2 − r2λ2 = 1− r2, and λr′ + rλ′ = µr′
Notie that
〈y, y〉 = 1, 〈B2, B2〉 = 1, 〈B3, B3〉 = −1, 〈B2, B3〉 = 0, B′2 =
rλ
1− r2B3
A diret veriation shows that 〈φ, φ〉 = 1 and that
∂φ
∂u
= r′ y − rr
′
√
1− r2 B2 +
rλ√
1− r2 B3
satises 〈∂φ
∂u
, ∂φ
∂u
〉 = 1. We have that the tangent spae of the immersion at φ(y, t) is given by
Tφ(y,u) = {v + s
∂φ
∂u
: v ∈ R˜nk−1, 〈v, y〉 = 0 and s ∈ R}
A diret veriation shows that the map
ν = −rλ y + r
2 λ√
1− r2 B2 −
r′√
1− r2 B3
satises that 〈ν, ν〉 = −1, 〈ν, ∂φ
∂u
〉 = 0 and, for any v ∈ R˜nk−1 with 〈v, y〉 = 0, we have that 〈ν, v〉 = 0.
It then follows that ν is a Gauss map of the immersion φ. The fat that the immersion φ has
onstant mean urvature h follows beause, for any unit vetor v in R˜
n
k−1 perpendiular to y, we
have that
β(t) = r cosh(t) y+r sinh(t) v+
√
1− r2B2 = φ(cosh(t)y+sinh(t)v, u) in the ase that 〈v, v〉 = −1
and
β(t) = r cos(t) y + r sin(t) v +
√
1− r2B2 = φ(cos(t)y + sin(t)v, u) in the ase that 〈v, v〉 = 1
satises that β(0) = φ(y, u), β′(0) = rv and
dν(β(t))
dt
∣∣
t=0
= dν(rv) = −rλ v
Therefore, λ is a prinipal urvature with multipliity n − 1. Now, sine 〈∂ν
∂u
, v〉 = 0 for every
v ∈ Tφ(y,u) ∩ R˜nk−1, we have that ∂φ∂u denes a prinipal diretion, i.e. we must have that ∂ν∂u is a
multiple of
∂φ
∂u
. A diret veriation using the lemma (2.1) shows that,
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〈∂ν
∂u
, y〉 = −λ′ r − λr′ = −µ r′ = −(nH − (n− 1)λ)r′
We also have that 〈∂φ
∂u
, y〉 = r′, therefore, sine r is not onstant, we obtain that
∂ν
∂u
= dν(
∂φ
∂u
) = −µ ∂φ
∂u
= −(nH − (n− 1)λ)∂φ
∂u
It follows that the other prinipal urvature is nH − (n − 1)λ. Therefore φ denes an immersion
with onstant mean urvature H, this proves the theorem.

Theorem 2.9. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.2) suh that g(t) <
√
c. For any pair of integers k and n suh that n ≥ 2 and
0 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√
c
θ(t) =
∫ t
0
r(τ)λ(τ)
1− r(τ)2dτ
and
S˜
n−1
k = S
n+1
k ∩ R˜
n
k where R˜
n
k−1 = {x ∈ Rn+2k : xn+1 = xn+2 = 0}
B2(t) = (0, . . . , 0, cos(t), sin(t)) and B3(t) = (0, . . . , 0,− sin(t), cos(t))
then, the map φ : S˜
n−1
k × (a1, a2)→ Sn+1k given by
φ(y, u) = r(u) y +
√
1− r2(u)B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 + r2λ2 = 1− r2
and
〈y, y〉 = 1, 〈B2, B2〉 = 1, 〈B3, B3〉 = 1 and 〈ν, ν〉 = 1
where,
ν = −rλ y + r
2 λ√
1− r2 B2 +
r′√
1− r2 B3

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2.2. CMC hypersurfaes in H
n+1
k . Let us start this setion by onsidering the following dier-
ential equations
(g′(t))2 = q2(g(t)) where q2(t) = c+ t
2 + t2(h+ t−n)2(2.3)
and
(g′(t))2 = p2(g(t)) where p1(t) = c+ t
2 − t2(h+ t−n)2(2.4)
where c is a onstant.
Theorem 2.10. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.3). For any pair of integers k and n suh that n ≥ 2 and 2 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√
c
θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 + 1
dτ
and
S˜
n−1
k−2 = S
n+1
k ∩ R˜
n
k where R˜
n
k−1 = {x ∈ Rn+2k : x1 = x2 = 0}
B2(t) = (cos(t), sin(t), 0, . . . , 0) and B3(t) = (− sin(t), cos(t), 0, . . . , 0)
then, the map φ : S˜
n−1
k−2 × (a1, a2)→ Sn+1k given by
φ(y, u) = r(u) y +
√
1 + r2(u)B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 − r2λ2 = 1 + r2
and
〈y, y〉 = 1, 〈B2, B2〉 = −1, 〈B3, B3〉 = −1 and 〈ν, ν〉 = −1
where,
ν = −rλ y − r
2 λ√
1 + r2
B2 − r
′
√
r2 + 1
B3

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Theorem 2.11. Let c be a negative onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.3) suh that g(t) <
√−c. For any pair of integers k and n suh that n ≥ 2 and
2 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√−c θ(t) =
∫ t
0
r(τ)λ(τ)
1− r(τ)2 dτ
and
H˜
n−1
k−2 = H
n+1
k−1 ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+2k : xk = xk+1 = 0}
B2(t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) and B3(t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0)
then, the map φ : H˜
n−1
k−2 × (a1, a2)→ Hn+1k−1 given by
φ(y, u) = r(u) y +
√
1− r2(u)B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 − r2λ2 = −1 + r2
and
〈y, y〉 = −1, 〈B2, B2〉 = −1, 〈B3, B3〉 = 1 and 〈ν, ν〉 = −1
where,
ν = −rλ y + r
2 λ√
1− r2 B2 −
r′√
1− r2 B3

Theorem 2.12. With the same notation as in the Theorem (2.11), if −1 < r0 < 1 is any non zero
onstant, then the map φ : H˜
n−1
k−2 ×R→ Hn+1k−1 given by
φ(y, t) = r0 y +
√
1− r20 B2(t)
denes a omplete hypersurfae with onstant mean urvature
r0
n
√
1− r20
+
(n− 1)
√
1− r20
n r0
In the ase k = 2, these examples are part of the examples known as hyperboli ylinder in the anti
de Sitter spae H
n+1
1 .
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Theorem 2.13. Let c be a negative onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.3) suh that g(t) >
√−c. For any pair of integers k and n suh that n ≥ 2 and
2 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√−c θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 − 1dτ
and
H˜
n−1
k−2 = H
n+1
k−1 ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+2k : xk = xk+1 = 0}
B2(t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0) and B3(t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0)
then the map φ : H˜
n−1
k−2 × (a1, a2)→ Hn+1k−1 given by
φ(y, u) = r(u) y +
√
r2(u)− 1B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 − r2λ2 = −1 + r2
and
〈y, y〉 = −1, 〈B2, B2〉 = 1, 〈B3, B3〉 = −1 and 〈ν, ν〉 = −1
where,
ν = −rλ y − r
2 λ√
r2 − 1 B2 −
r′√
r2 − 1 B3

Remark 2.14. When k = 2, the previous theorem provides a family of spae like hypersurfaes in
the anti de Sitter spae, it is surprising that when we make r = r0 onstant, we do not obtain spae
like hypersurfaes but Lorentzian.
Theorem 2.15. With the same notation as in Theorem (2.13), if r0, with r
2
0 > 1, is any onstant,
then the map φ : H˜
n−1
k−2 ×R→ Hn+1k−1 given by
φ(y, t) = r0 y +
√
r20 − 1B2(t)
denes a m hypersurfae with onstant mean urvature
r0
n
√
r20 − 1
+
(n− 1)
√
r20 − 1
n r0
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Theorem 2.16. Let c be a negative onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.4) suh that g(t) >
√−c. For any pair of integers k and n suh that n ≥ 2 and
1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√−c θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 − 1dτ
and
H˜
n−1
k−1 = H
n+1
k−1 ∩ R˜
n
k where R˜
n
k = {x ∈ Rn+2k : xn+1 = xn+2 = 0}
B2(t) = (0, . . . , 0, cos(t), sin(t)) and B3(t) = (0, . . . , 0,− sin(t), cos(t))
then, the map φ : H˜
n−1
k−1 × (a1, a2)→ Hn+1k−1 given by
φ(y, u) = r(u) y +
√
r2(u)− 1B2(θ(u))
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 + r2λ2 = r2 − 1
and
〈y, y〉 = −1, 〈B2, B2〉 = 1, 〈B3, B3〉 = 1 and 〈ν, ν〉 = 1
where,
ν = −rλ y − r
2 λ√
r2 − 1 B2 +
r′√
r2 − 1 B3

Theorem 2.17. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.4) For any pair of integers k and n suh that n ≥ 2 and 1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√
c
θ(t) =
∫ t
0
r(τ)λ(τ)
r(τ)2 + 1
dτ
and
S˜
n−1
k−1 = S
n+1
k ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+2k : xk = xk+1 = 0}
B2(t) = (0, . . . , 0, cosh(t), sinh(t), 0, . . . , 0) and B3(t) = (0, . . . , 0, sinh(t), cosh(t), 0, . . . , 0)
then, the map φ : S˜
n−1
k−1 × (a1, a2)→ Hn+1k−1 given by
φ(y, u) = r(u) y +
√
r2(u) + 1B2(θ(u))
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denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 + r2λ2 = r2 + 1
and
〈y, y〉 = 1, 〈B2, B2〉 = −1, 〈B3, B3〉 = 1 and 〈ν, ν〉 = 1
where,
ν = −rλ y − r
2 λ√
r2 + 1
B2 +
r′√
r2 + 1
B3

2.3. CMC hypersurfaes in R
n+1
k . Let us start this setion by onsidering the following dier-
ential equations
(g′(t))2 = q3(g(t)) where q3(t) = c+ t
2(h+ t−n)2(2.5)
and
(g′(t))2 = p3(g(t)) where p3(t) = c− t2(h+ t−n)2(2.6)
where c is a non zero onstant.
Theorem 2.18. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.6). For any pair of integers k and n suh that n ≥ 2 and 0 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√
c
R(t) =
∫ t
0
r(τ)λ(τ) dτ
and
S˜
n−1
k = S
n
k ∩ R˜
n
k where R˜
n
k = {x ∈ Rn+1k : xn+1 = 0}
B2 = (0, . . . , 0, 1)
then, the map φ : S˜
n−1
k × (a1, a2)→ Rn+1k given by
φ(y, u) = r(u) y +R(u)B2
denes a hypersurfae with onstant mean urvature h.
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Proof. The proof follows the same arguments as before. In this ase
(r′)2 + r2λ2 = 1
and
〈y, y〉 = 1, 〈B2, B2〉 = 1, and 〈ν, ν〉 = 1
where,
ν = −rλ y + r′B2

Theorem 2.19. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.6). For any pair of integers k and n suh that n ≥ 2 and 2 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√
c
R(t) =
∫ t
0
r(τ)λ(τ) dτ
and
H˜
n−1
k−2 = H
n
k−1 ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+1k : x1 = 0}
B2 = (1, 0, . . . , 0)
then, the map φ : H˜
n−1
k−2 × (a1, a2)→ Rn+1k given by
φ(y, u) = r(u) y +R(u)B2
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 + r2λ2 = 1
and
〈y, y〉 = −1, 〈B2, B2〉 = −1 and 〈ν, ν〉 = −1
where,
ν = −rλ y + r′B2

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Theorem 2.20. Let c be a positive onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.5). For any pair of integers k and n suh that n ≥ 2 and 1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n − 1)g−n and r = g√
c
R(t) =
∫ t
0
r(τ)λ(τ) dτ
and
S˜
n−1
k−1 = S
n
k ∩ R˜
n
k−1 where R˜
n
k−1 = {x ∈ Rn+1k : x1 = 0}
B2 = (1, 0, . . . , 0)
then, the map φ : S˜
n−1
k−1 × (a1, a2)→ Rn+1k given by
φ(y, u) = r(u) y +R(u)B2
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 − r2λ2 = 1
and
〈y, y〉 = 1, 〈B2, B2〉 = −1 and 〈ν, ν〉 = −1
where,
ν = −rλ y − r′B2

Remark 2.21. For k = 1, the examples above give spae like immersion in the Minkowski spae.
None of these examples is omplete.
Theorem 2.22. Let c be a negative onstant and let g : (a1, a2) → R be a non onstant positive
solution of (2.5). For any pair of integers k and n suh that n ≥ 2 and 1 ≤ k ≤ n, if we dene
λ = h+ g−n, µ = h− (n− 1)g−n and r = g√−c R(t) =
∫ t
0
r(τ)λ(τ) dτ
and
H˜
n−1
k−1 = H
n
k ∩ R˜
n−1
k where R˜
n−1
k = {x ∈ Rn+1k : xn+1 = 0}
B2 = (0, 0, . . . , 1)
then, the map φ : H˜
n−1
k × (a1, a2)→ Rn+1k given by
φ(y, u) = r(u) y +R(u)B2
CMC HYPERSURFACES 16
denes a hypersurfae with onstant mean urvature h.
Proof. The proof follows the same arguments as before. In this ase
(r′)2 − r2λ2 = −1
and
〈y, y〉 = −1, 〈B2, B2〉 = 1 and 〈ν, ν〉 = −1
where,
ν = −rλ y − r′B2

Remark 2.23. For k = 1, the examples above are spae like m immersions in the Minkowski
spae. In the next setion we will show that they are omplete.
3. Closed and omplete examples.
In this setion we will analyze the ompleteness of the spae-like examples and we will study if the
semi riemannian examples an be extended to losed hypersurfaes.
3.1. Closed and embedded examples with CMC in S
n+1
k .
Theorem 3.1. Let n ≥ 3 be an integer. For any h ∈ [−1,−2
√
n−1
n
) there exist solutions of the
equation (2.1) suh that the immersions given in Theorem (2.4) dene losed immersions. For
k = 1, these immersions dene omplete spae like immersions in the de Sitter spae.
Proof. We will show the theorem by showing that there exist positive values of c suh that the
equation (2.1) has periodi solutions g(t) suh that g(t) >
√
c. A diret veriation shows that for
values of h in h ∈ (−1,−2
√
n−2
n
), the polynomial q1 has exatly two positive ritial points v0 and
v1 with 0 < v0 < v1. The values for v0 and v1 are
v0 = 2
− 1
n (
h(n − 2) +√4− 4n+ h2n2
h2 − 1 )
1
n
and v1 = 2
− 1
n (
h(n− 2)−√4− 4n+ h2n2
h2 − 1 )
1
n
It follows that the funtion q1 is dereasing from 0 to v0, inreasing from v0 to v1 and dereasing
from v1 to ∞. A diret omputation shows that if q1(v1) = 0 then
c = c1 = (2− 2h2)
n−2
n n
(− h(n− 2) +√4− 4n + h2n2) 2−2nn (h2n− 2− h√4− 4n+ h2n2)
It is not diult to show that c1 is positive. Taking in onsideration the intervals where the funtion
q1 is inreasing and dereasing, we have that, for every c > c1 lose to c1 the polynomial q1 has
exatly 3 positive roots ti(c) suh that t0(c) < t1(c) < v1 < t2(c), and moreover,
q1(t) > 0 for t1(c) < t < t2(c) and lim
t→c+
1
t1(c) = lim
t→c+
1
t2(c) = v1
Notie that if the onditions above hold true, then, any solution g of the dierential equation (2.1)
is periodi and satisfy that
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t1(c) < g(t) < t2(c) for all t
The expression ( v1√
c1
)2 redues to
2 + (−2 + h2)n+ h
√
4 + n(−4 + h2n)
2(−1 + h2)n
and a diret omputation shows that the expression above is greater than 1 for values of h ∈
(−1,−2
√
n−2
n
). Sine v1√
c1
> 1, there exists a positive ǫ suh that for all c ∈ (c1, c1 + ǫ) we have
that
t1(c)√
c
> 1. Therefore, for all these c we will have, using Lemma (2.3), that the solutions of the
dierential equation (2.1) are periodi and satisfy that g(t) >
√
c and then, these funtions will
dene losed immersions from S
n−1
k−1 ×R in Sn+1k . When k = 1, the ompleteness of the riemannian
indued metri on S
n−1 × R easily follows using the fat that g is positive and periodi. When
h = −1, a diret veriation shows that, under this additional ondition, the polynomial q1 satises
that
lim
t→∞
q1(t) = c and lim
t→0+
q1(t) =∞
and it only has one ritial point v0 given by,
v0 =
(n− 1
n− 2
) 1
n
Sine the value of q1 at this ritial point is given by
q1(v0) = c− c0 where c0 = n (n− 2)
n−2
n (n − 1) 2−2nn
Therefore, if c ∈ (0, c0), the polynomial q1 will have exatly two positive roots t1(c) and t2(c) with
t1(c) < v0 < t2(c). Sine,
v0√
c0
=
n− 1√
n2 − 2n > 1
and limc→c0 t2(c) = v0 we get that for values of c lose to c0, t2(c) is greater than
√
c and therefore
g(t) >
√
c for all t. In this ase, using a small variation of Lemma (2.2), we get that the funtion
g(t) an be extended as an even funtion to all real numbers. Notie that in this ase, the funtion
F dened in the proof Lemma (2.2) grows linearly instead of logarithmialy. Sine g(t) >
√
c, then,
we obtain losed examples with h = −1.

Remark 3.2. In the previous examples, along the geodesi given by the prinipal diretion µ, as
the ar length parameter u of this geodesi goes to innity, the funtion λ remains bounded when
h 6= −1 and deays as u−n when h = −1.
Theorem 3.3. For any h ∈ (−∞,−1) ∪ (1,∞), there exist solutions of the equation (2.1) suh
that the immersions given in Theorem (2.6) dene losed immersions. For k = 1, these immersions
dene omplete spae like immersions in the de Sitter spae. When h ∈ (1,∞) the examples are
embedded.
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Proof. We will show the theorem by showing that there exist positive values of c suh that the
equation (2.1) is dened in all real numbers bounded away from zero. A diret veriation shows
that for values of h in (−∞,−1) ∪ (1,∞), the polynomial q1 has exatly one positive ritial point
v0 given by,
v0 = 2
− 1
n (
h(n − 2) +√4− 4n+ h2n2
h2 − 1 )
1
n
It follows that the funtion q1 is dereasing from 0 to v0 and inreasing from v0 to ∞. A diret
omputation shows that, q1(v0) = c+ c0 where
c0 = (2h
2 − 2)n−2n n (h(−2 + n) +√4− 4n + h2n2)) 2−2nn (h2n− 2 + h√4− 4n+ h2n2)
It is not diult to show that c0 is positive. Taking in onsideration the intervals where the funtion
q1 is inreasing and dereasing, we have that, for every c ∈ (−∞,−c0) the polynomial q1 has exatly
2 positive roots ti(c) suh that t1(c) < v0 < t2(c), and moreover,
q1(t) > 0 for t > t2(c)
Using the lemma (2.2) we get that for values of c in (−∞,−c0), any solution g of the dierential
equation (2.1) an be extended to the whole real line, and moreover g(t) ≥ t2(c) > 0. Therefore,
using these solutions in Theorem (2.6) we obtain losed immersions of H
n−1
k−1 ×R in Sn+1k . When
k = 1, the ompleteness of the riemannian indued metri on Hn−1×R easily follows using the fat
that g is bounded away from zero.

We also an repeat the argument used in [14℄ to obtain the following theorem.
Theorem 3.4. For any n ≥ 2 and for any integer m > 1 and h between the numbers
cot
π
m
and
(m2 − 2)
√
(n− 1)
n
√
m2 − 1
there are examples of the type (2.9) that represent embedded hypersurfaes of S
n−1
k × S1 in Sn+1k
with onstant mean urvature h, suh that the group of isometries ontains the group O(n)× Zm.
3.2. Closed and embedded examples with CMC in H
n+1
k . In this setion we point out that
the theorems regarding embedding of hypersurfaes of the hyperboli spae proven in [14℄ and [15℄,
an be extended to the semi riemannian ase.
Theorem 3.5. For any n ≥ 2 and any h ≥ 0 there are examples of the type (2.17) that represent
embedded hypersurfaes of S
n−1
k−1 ×R in Hn+1k−1 with onstant mean urvature h. Moreover, if h > 1,
the embedded hypersurfaes admit the group O(n) × Z in its group of isometries, where Z is the
group of integers.
Theorem 3.6. For any n ≥ 2 and any h ≥ 0 there are examples of the type (2.16) that represent
embedded hypersurfaes of H
n−1
k−1 × R in Hn+1k−1 with onstant mean urvature h. Moreover, there
exists a onstant h0(n) < −1 that depends of n suh that for any h < h0(n), there are embedded
examples of the type (2.16) that indue hypersurfaes with onstant mean urvature h of Hn−1k−1 ×S1
in H
n+1
k−1.
Remark 3.7. In [15℄ we provide a way to ompute h0(n) numerially.
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3.3. Closed and embedded examples with CMC in R
n+1
k .
Theorem 3.8. For any h 6= 0 and any c < 0, there exist solutions of the equation (2.5) suh that
the immersions given in Theorem (2.22) dene losed immersions. For k = 1, these immersions
dene omplete spae like immersions in the Minkowski spae.
Proof. The proof follows the same type of arguments as the previous ones. In this ase, sine h 6= 0,
the polynomial q3 given in (2.5) satises that,
lim
t→∞
q3(t) = lim
t→0
q3(t) =∞ and only has one positive ritial point
Sine c < 0, q3 has exatly two positive roots t1(c) < t2(c) and q3(t) > 0 for values of t > t2(c).
Therefore, by lemma (2.2), there exists an even solution dened in all the real numbers with global
minimum equal to t2(c). Similar arguments as those in the previous theorems omplete the proof
of the theorem.

The same proof for theorem (7.2) in [14℄ generalizes to the following result,
Theorem 3.9. For any real number h and any positive c the solutions of (2.6) are periodi. More-
over, the immersions given in example (2.18) are losed immersions of S
k
k ×R in Rn+1k , and the
immersions given in example (2.19) are losed immersions of H
n−1
k × R in Rn+1k . Additionally,
when h > 0, both types of examples are embedded.
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